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Let L be an arbitrary quasidisk, and f analytic in G and continuous on G. We
prove two theorems establishing a connection between the sequence of values
E.(f.G), n=1,2, .., of best uniform polynomial approximations of the function f
on G and its smoothness properties on the boundary 8G. Then we apply one of
these results to the solution of a problem suggested by Turan concerning the
correlation between polynomial and rational approximations on the unit disk.

€1 1991 Academic Press, Inc.

1. INTRODUCTION

This paper is connected with the study of the values E, (f, G),
n=0, 1,2, .. of best uniform polynomial approximations of a function f
analytic in a bounded Jordan domain G<C and continuous on its
closure G.

The rate of decrease of E,(f, G) as n — o0, the geometric structure of the
boundary 6G of G, and the smoothness of the function f near the boundary
interact in a complicated way.

The main subject of our paper is the consideration of the following two
problems.

Let u(8), 6 >0, be a so-called normal majorant (for example, u(d)=95¢,
¢ =const > 0).

PROBLEM A. Describe all functions f satisfying

E.(f, G)=0(u(1/n)) as n— 0. (1.1)

PROBLEM B. Describe all functions f for which
E(f.G)~u(l/n), n=12 ., (1.2)
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APPROXIMATION ON A QUASIDISK 137

where the symbol g ~ ¢ means that
l/e<gp<c

holds for some constant ¢ > 0.

Problem A is a typical problem in approximation theory. One can find
a complete survey of results obtained in this direction in [6-9, 3].

Problem B is initiated by some similar results of Stechkin [12] con-
cerning the approximation of real functions.

We give the solution of Problems A and B in the case when G is an
arbitrary quasidisk [1] and apply then these results to the study of a
problem of Turan concerning the correlation between polynomial and
rational approximations on the unit disk.

2. DEFINITIONS AND MAIN RESULTS

Let K be an arbitrary compact set in the complex plane C. We denote
by A(K) the class of all functions continuous on K and analytic in its
interior. Let P,, n=0, 1, ..., be the class of all polynomials of degree at
most n. For fe A(K), zeC, >0, n=0, 1, .., and an integer m> 1 put

I/« :=sup{lf(z)], ze K},
E,(f, K):=inf{|lf—plx. peP,},
D(z,6):={{:|{—zl <d}, D :=D(0, 1),
d(z, K):=inf{|{ —z|, {e K},
O . 2,6) 1= E,_ (f, KA D(Z ).

Let G c C be an arbitrary bounded quasidisk [1] with complement Q :=
C\K, and let L=2G=0Q be their common boundary (hence L is a
quasicircle). We recall that a geometric test for the quasiconformality of L
is as follows: L is a quasicircle if and only if it is a Jordan curve and there
exists a constant ¢ > 1 such that for each pair of points z,, z,e L

min diam(y;)<c |z, —z,|,
j=12 ’

where y, and y, are the components of L\{z,, z,}.

We denote by w = @(z) the function that maps Q conformally onto
4:={w: |w|>1} with the normalization ®(c0)=oc0, ®'(00)>0. We
extend @ continuously on @, retaining the notation @ for the extended
function, and denote the inverse function by ¥ =& "',
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For an integer m>1 we consider the following characteristic of the
smoothness properties of a function fon L or, more exactly, of the function

Sy :=fT¥(nw)] on {w:|w|=1}=2a4:

(Z),,,((S) :::sup{Em l(/; (p(“l‘))’ ‘}'C (‘JA’ |y| <5}’ 5>0’

where y = d4 is an arbitrary arc, || is its length.

When G =D, @,,(5) is equivalent to the mth modulus of continuity of
the function f on @G (see more precisely [13, 6]).

We note also that &,(5) is simply equivalent to the usual modulus of
continuity of a function f on 4.

We use ¢, ¢, .. to denote positive constants (in general, different in
different relations), depending, unless the contrary is explicitly stated, only
on G or other inessential quantities.

Following [13], we call a function u(Jd) a normal majorant if it is
defined, finite, positive, and nondecreasing for é > 0 and satisfies

w(td) < cp tu(d), tz21, 6>0. 2.1)

For example, the function p(d)=c¢,d¢ is a normal majorant.
For convenience of formulation of our results we assume, without loss of
generality, that

lim u(d)=0;

8- +0
u(d)=c, for 8>c,.
THEOREM 1. Let G be a quasidisk, u a normal majorant, e A(G). In

order that (1.1) holds it is necessary for all sufficiently large m=mgy(u, G)
and sufficient for some m =1 that

@,(8)=0(u(d)) as &-0.

Remark. According to Theorem 1 and Lemma 3 inequality

E,(f, G)<cd,,(1/n), n=1,2, .. (2.2)

holds for all integers m = 1, where ¢ = ¢(G, m).

In the majority of known results of this kind the particular case of (2.2)
for m=1 is most popular.
Unfortunately, the example of function f(z) =z and domain

G=G,:={z=re"0<r<1,a/2<0<2}, O<ax<l,
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shows that even the condition E,(f,G)=0 for n>1 is not sufficient in
order to assert that @,(d)=0(5%) as 6 = 0.

This fact, in particular, explains the role of the quantity @,,(8) because
the transition from m =1 to an arbitrary m =1 gives us the possibility to
obtain the description of functions with property (1.1).

THEOREM 2. Let G be a quasidisk, yu a normal majorant, fe A(G). In
order that {1.2) holds it is necessary and sufficient that

Dpu(d)~p(d), >0 (2.3)

holds for all sufficiently large m = my(y, G).

Theorem 2 can be applied to the solution of the following problem of
Turan [14, Problem LXXXVII; 11, p. 363].

Denote by B the class of all functions f€ A(D) which cannot be con-
tinued analytically beyond éD. Let p,(f, D), n=0, 1, ..., be the best uniform
approximation of the function f on D by rational functions of the form
R,(z) :=p,(z)/q,(z), where p,,, q,€P,.

Turan has asked whether it is true that there is no f,e B such that
E.(fo. D)= c,/n, but p,(fy, D)<exp{—c,n'?} for n=1,2, ...

We give the negative answer on this question and even prove a stronger
result.

THEOREM 3. For any a: 0 <wa <1 there is a function g =g, € B such that

En(g9D)>Clnias (24)
p.(g D)<exp{—c,n'?}, (2.5)

where c;=c(a), i=1, 2.

We note that similar problems of rational approximation of analytic
functions on compact sets of the complex plane were studied in [10].
There one can also find a survey of such results.

We use the notation a < b to denote that a < ch.

3. LocAL PROPERTIES OF THE CONFORMAL MAPPINGS @ AND ¥

In this section we recall some results from [1, 2, 4] that will be needed
below.

Mappings @ and ¥ can be extended to quasiconformal mappings of the
whole complex plane on itself. Consequently, according to [2, Lemma 1]
we can formulate the following assertion.
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LemMA 1. For any three points (; €, j=1,2,3, the conditions
61—l <18 =851 and [wy —wy| <{w —ws|, where w;:=®(()), j=1, 2,3,
are equivalent and provide the inequalities

< L0
&—0

with some constants f§ > a >0 depending only on L.

, ' B
W, — W W, —wy

<

W, — W, Wi — W,

In the following we use without proof some geometrical facts which
follow easily from Lemma 1. We formulate one of them (see, for example,
[3, Lemma 27).

For arbitrary u>0 and ze C we put

Ly ={G10)=1+u},
pu(z) = d(zs Ll+u)-

LEMMA 2. Let u>v>0. Then for ze L

w\* pfz) (u\’
(5> <p,,(:)<(;>

holds, where o and 8 are constants from Lemma 1.

4. PROOF OF THEOREM 1
To begin with let us establish the following assertion.

LEMMA 3. For all fe A(G) and m=1 the function &,,(8) is a normal
majorant.

Proof. 1t is obvious that the fulfillment of the condition (2.1) is only
nontrivial. Let 0 <d <2n, t>= 1, and let y = @D be an arc for which

E, (LPG)=0,5), [y <1

Without loss of generality we can assume that |y] >d. Denote by y,,
Y55 . Y& the system of arcs with the following properties:

(i) y= Uf=1 Yis

(i) &/2<y,1<6, j=Tk;
(i) |y;09,000208/2,j=1L k-1,
{iv) k<t
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We put /:=¥(y), [;:=¥(y;), j=1,k. Choose j and let p,(z)=
p;(z,f,m)eP,, | be a polynomial such that

If—p; “.', =E,_ (1)

Consider the polynomial q;(z):=p;,(z)—p,;(z). For zel;nl,,, we
have

lg, (2N s 1pi(2) =2+ 1/(2) = pj i 1(2)] 2D0,,(). (4.1)
On arc y;ny;,, one can construct the system of points w,, .., ®,
according to the following rule.

(i) If m=1, then w,€y,ny,,, is an arbitrary point.

(ii) If m>1, then w, and w,, are end points of the arc y,ny,,, and
the other points are defined by

I, 0yl
2m—1)"

lw;—w,;, | =2sin i=l,m—1.

By Lemma 1 the set of points z; := ¥(w,) satisfies for all {, s=1,m, i #s
(z;,~z,| ~diam /;,~diam [, ,,
and for each point ze/

z—z,

(D(Z) — W
W —

z.—7Z
“i “s

B
<1+| l <1’

By virtue of inequality (4.1) and the Lagranges interpolation formula

< n,(z) _ - L
4= Y a0 mE=11 65
SH#ET
we successively obtain for ze!

|g,(2)| @(8) Y, 17 Dt P Dy (5).

i=1
Therefore, if ze/,, then

J=1

(@) =P <If(2)=p, () + L lgi(2)] <jt™™ Vi, (3)

i=1

< Pm-DEG (5). (4.2)
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Consequently,
Ou(10)=E,, (L DK|f=pil, <™ V71D, (8),

i.e., inequality (2.1) is satisfied for the function &,,(8) with c=f(m—1)+ 1.
Now let r(z, ), ze L, h =0, be a function defined by the identity

pr(:‘ Ix)(:) = h

Let ze L be an arbitrary point, w := @(z), and let y = é4 be an arc such
that wey, ly|=h O0<h<2n Denote by p,eP, _, the polynomial for
which

||f‘P0 ” Wy — Em l(./’ W(}'))

Reasoning like in the proof of inequality (4.2) one can obtain for {e L

(Z')nx[r(:*h)]w |§—:|<h,
() —polO) < &, [r(z )] l:d’(C)— ¢(:)>:|" 2> (4.3)
r(z, h)
Using in the case |{ —z| > # the estimates
"D(C)—‘P(:)‘N} D) —PD(2) < {—z |V
r(z, h) &(z,)—d(2) h ’

where z, is an arbitrary point of the intersection ¢D(z, h) N Q2 we can write
(4.3) in the form
>, (el

By a result of Tamrazov (see, for example, [7, p. 425]) we have

Zg

A = pol) <@, [H(z, 1)] (, +\z—h

W, G(/; Z, h) = Em - l(/, D(:a h) m G) < (I)m[r(:’ h)] (44)

To complete the proof of Theorem 1 it is sufficient to use a slightly
modified version of the description of function classes with property (1.1)
suggested in [3].

We confine ourselves to the formulation of this assertion for quasidisks
only.

LEMMA 4. Let G be a quasidisk, u a normal majorant, f € A(G). In order
that (1.1) holds it is necessary for all sufficiently large m>=my(u, G) and
sufficient for some m =1 that

o, o[z, h) <plr(z, h)]
holds for all ze L and h > 0.
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5. PROOF OF THEOREM 2

We have to establish for sufficiently large m the equivalence of the
following two double inequalities

aul/m<E(fG)<cp(l/n),  n=1,2, ., (5.1)
c3 p(0) < D,,(8) < cqpu(), 3>0. (5.2)
Let (5.1) be true. The correctness of the right-hand part of (5.2) for

sufficiently large m follows from Theorem 1. For 0 < J < 1, choosing integer
n such that (n+1)"'<d<n ', we have by Lemma 3 and inequality (2.2)

H(8) < p(1/n) K E,(f, G) < @,(1/n) <D, (1/(n+ 1)) < B,,(3).

Hence the correctness of the left-hand part of (5.2) is proved (even for all
mz=1)

Now let (5.2) be satisfied. The right-hand part of the inequality (5.1)
follows from Theorem 1. Let us verify the correctness of the left-hand part
of this estimate.

Let P,eP,, n=0, 1, .., be such that

”f_ Pn ”G = En(f; G—)
LEmma 5. If
E,(f. G)<u(1/n), n=12, ., (5.3)

then for sufficiently large m =z my(p, G), zqg€ L, z € D(zy, po/2), where p, :=
P1(20), and 0 <d < py/2

[P < py "u(1/n), (5.4)

wm.G(Prn 30’5)<I~‘(|/n)(5/l)0)m~ (55)

-

Proof. Choose an integer s such that 2° <n <2"*'. The polynomial P,
can be rewritten in the form

s+ 1
P"(:)z z Q’(:)a
/=0

where
Pi(z), j=0;

Q,(2) =4 Pu(2) = Py-1(2), 1<j<s;
Pn(z)—P2‘(Z)a I=S+1
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According to (5.3) for polynomials Q,(z) we have [|Q,|ls<pu(2' ),
1 <j<s+ 1. By the Bernstein—Walsh theorem [15, p. 77] we have

19| 5y < (2 ),

where p; ;= p,-:(z,). Consequently for ze D(z,, py/2) we obtain

10(2)] < Q0

2n -l‘ﬁo( o 10— |"'+1 |l < u(27) p;"
Dz, p;

Therefore, if z € D(zq, py/2) and m =2 we have by (2.1) and Lemma 2

y+1 s+ 1

[P < 3 1@< ) w2 ) p;
i=1 j=1

s+ 1 -7 - m
_ua o S M2 [pz‘.(go)ﬂ
lu( )p,s+ P “(2 ,s~]) 05 /(z())

s+
<u(l/m)p, ™

Y 242U p(1n) pg

J=1
as soon as m > c/a.

Inequality (5.5) immediately follows from estimate (5.4). Indeed, since

m—1 1
Pz)= ), j—,( o) P,(z0) +

1 .
e NG A S L
i=o0 J e
according to (5.4) we find

wm.G(Pn’ 2096)< Sup

e D(zp, )
<p(1/n)(8/po)™

Thus Lemma 5 is proved.

Let zo€ L be an arbitrary point. By our assumption (5.3) holds. There-
fore, for polynomials P,(z), (5.5) is true and, consequently, by Lemma 5 we
have

wm, (7(./; 2o, 6) gwm.(‘;(f_ Pn’ Zo» 5) + a,, G( ny €0» 5)

< En(,f! G_) + ¢ #(l/n)(é/po)m

Let s> 1 be such that § :=p, (20} < pPo/2 (a more concrete choice of the
number s =s(u, G) will be specified below).
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According to (2.1) and Lemma 2

e 1(1/n)(3/po)" < cap(1/(sm)) 5° [’-’p_‘_()‘_)-’] <capl1/(sm)) s
Lint<Q
Therefore
E(f,G)Z w,, ((f, 20, 8) — cyu(1/(sn)) s ™. (5.6)
By Lemma 1

¥(y) = D(z, p., 4(2))

holds for any arc y = 84 and point z €.
Thus choosing in (5.6) point z, such that

wm‘ L(./; 20, 6) > d)m[(sncll) 7 ]]
we successively obtain for m > c/a

E(f,G) 2 @n,[(sncs) ' 1= cyul(sm) =" 1s* = pl(sn) 'Tes—eys¢ ™)
Zesul(sn)'1/22 cop(1/n)

as soon as s = (203/(-5)1/‘(11"- <)

6. PrROOF OF THEOREM 3

Choose a: 0<a<! and consider the function f(z)=7/,(z):=(z— 1)
For this function

E(f,D)>n"% n=1,2, .. (6.1)

Indeed, according to Theorem 2 it is sufficient for the proof of (6.1) to
establish the double inequality

0* < ®,,(0) < d* (6.2)

for0<d<tand m> 1.
In fact, the right-hand part of (6.2) is obvious:

@,,0)<w, p(f,1,0)=6%2.
Now let peP,, ., be a polynomial for which
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We have for 0 <d < 1
[a-(a—1)---(x—m+ 1) (8/2)* "

=f"1-4/2)
m! S(&)—p({) .
=— —
2n Lnu s sy ((+8/2—1)m+! -

sm!(6/2) " w,, 5(f 1, )

Consequently by (4.4)
@,(8)> w,, ([ 1,8)> 5"

Thus the relation (6.1) is proved.

Now let us estimate from above the speed of rational approximation of
the function f on D.

According to the Cauchy formula

1 ; h(¢
L f f (£) dc + f (9
2ni Jyy =2 (= e d—z
where |z] <1, () = h($) := (172mi) [E — 1]* (1 — e®™).

The first integral in (6.3) can be approximated even by polynomials with
rate of geometrical progression. In constructing a rational approximation

for the second integral choose ¢: 0 <g<1 and consider the system of
points

flz)= d, (6.3)

{=14+¢, j=0,1,2,...

Since for every integer k

{~z {i—z) (~z

1 ISy

. &—<)
where R, ;({,z):=) (C( /_,;.+w

i=0 J <
for {e[{;,,, C-] and ze D we derive

1 (l— )k
)l l 1=zl

For some integers s and & consider the rational function

s 1

RD=Y [ mOR, LD

=0 [CHI-C/]

of degree at most sk.
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It is easy to see that

h h(¢ .
j —@dc—k(z)lsf AN )+ Y j RO
[1.2] [

C—Z 1,41 |C—Z| j=0"05a.4]

X

1
- R ) |1
<g*+(1—g)~

Therefore, if we put s=k=[n"?], then the last inequality allows to
write for the function f

pa(f. D) <exp{—c,n"?}.

Now consider the function

A

o(z):= Y ¥ exp{—2%2}.

k=0

By the Hadamard theorem [5, p. 42], ¢ € B. Let n be arbitrary, and let the
integer j be defined by 2/ <n<2/*' We find

o

p"((p’ §)< En((p’ D—)Smax Z :2k exp{ _2/«’2}
€D L p—jen
< Y exp{—2"?} <exp{—n"?}.
k=j+1

It is easy to see that the function g := f+ ¢ satisfies (2.4) and (2.5).
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